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THE GALOIS GROUP OF RANDOM ELEMENTS

OF LINEAR GROUPS

ALEXANDER LUBOTZKY, LIOR ROSENZWEIG

Abstract. Let F be a finitely generated field of characteristic zero and
Γ ≤ GLn(F) a finitely generated subgroup. For γ ∈ Γ, let Gal(F(γ)/F)
be the Galois group of the splitting field of the characteristic polynomial
of γ over F. We show that the structure of Gal(F(γ)/F) has a typical
behaviour depending on F, and on the geometry of the Zariski closure
of Γ (but not on Γ).

1. Introduction

Let F be a field of characteristic zero, and Γ a finitely generated sub-
group of GLn(F ). For an element γ ∈ GLn(F ), we denote by χγ(T ) the
characteristic polynomial of γ, F (γ) is the splitting field of χγ over F , and
Gal(F (γ)/F ) the Galois group of F (γ) above F .

The goal of the paper is to describe the structure of Gal(F (γ)/F ) for the
generic element of Γ. Our work was inspired by the work of Jouve, Kowalski,
and Zywina [9], where a similar problem is treated when Γ is an arithmetic
subgroup of a connected algebraic group G defined over a number field k.
The main result of [9] (which in turn is related to [5, 6] and generalizes some
special cases in [18, 11, 8, 10]) is that for a typical element γ of such a group
Γ, Gal(k(γ)/k) is isomorphic to an explicitly described finite group Π(G),
depending only on G. If G splits over k, Π(G) is the Weyl group W (G) of
(the reductive part of ) G.

Our goal is to generalize this result to general F and Γ. As we will see,
the situation can be quite different, especially in the cases where the Zariski
closure H = Γ is not connected. In this case, there is no typical behaviour,
but rather it decomposes into finitely many typical behaviours according to
the connected components, but even this description does not give the full
picture. To give the precise result, let us introduce some notations.

Let Σ be a finite admissible generating set (c.f. [13] or §4) of Γ. A random
walk on Γ is a map w : N → S where the k-step is wk = w(1) · · ·w(k) (so
w0 = e is the identity element). For a subset Z ⊂ Γ we write P(wk ∈ Z) for
the probability of wk to be in Z.

Let H be the Zariski closure of Γ, and Ho its connected component, so
Ho is a normal subgroup of finite index, say m, in H. We can now state our
main theorem.

The authors are supported by ERC, ISF and NSF.
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Theorem 1.1. Let Γ = 〈Σ〉 ≤ GLn(F ), where F is a finitely generated field
of characteristic zero, Γ = H, and m = (H : Ho) as above. Assume Ho has
no central tori (e.g. Ho is semisimple). Then there exist 0 < c, β ∈ R, and
a function Π : H/Ho →Finite Groups, such that

P(Gal(F (wk)/F ) 6≃ Π(Howk)) ≤ ce−βk

i.e. for any coset Hi of Ho in H, there exists a finite group Πi = Π(Hi)
such that given wk is in the coset Hi, the probability that its associated Galois
group is isomorphic to Πi is approaching 1 at an exponential rate in k.

The theorem is best possible. In §6 we will show that the result is not
necessarily true if either F is not finitely generated or if Ho has a central
torus. As we will show there, the theorem can fail in different ways, but also
in the general case one can describe how Gal(F (wk)/F ) behaves, though
the description is not that enlightening. As mentioned above, Theorem 1.1
generalizes the main theorem of [9] in several ways: general finitely generated
field F , and general finitely generated group Γ. But the most interesting
aspect is the fact that when m > 1, the typical behaviour is not uniform.
This can happen even for arithmetic groups. Let us illustrate this by an
example:

Example: Let Λ = SLn(Z) and Γ = SLn(Z)⋊ C2 where the cyclic group
C2 = 〈τ〉 acting on Λ by: τ(A) = (tA)−1. The group Γ can be embedded
ρ : Γ → GL2n(Z) by: For A ∈ SLn(Z)

ρ(A) =

(
A 0
0 (tA)−1

)

and

ρ(τ) =

(
0 I
I 0

)

Now for γ ∈ Γ ≤ GL2n(Z) we will see the following behaviour:

(i) If γ is in the index two subgroup Λ, then typically Gal(Q(γ)/Q) ≃ Sn
the symmetric group of n elements (This follows from [11], and in
fact from [18])

(ii) If γ ∈ Γ \ Λ then typically Gal(Q(γ)/Q) ≃ (Z/2Z)wrΩWr, where
r = ⌊n2 ⌋, Ω = {a1, b1, . . . , ar, br}, and Wr = (Z/2Z)wrSr, the group
of signed permutations of r pairs of elements, acting on Ω in the
natural way.

The fact that we get in (ii) an extension of a finite abelian group by the
Weyl group of a smaller semisimple group is not accidental. In fact, what
comes into the game is the ”Weyl group of the coset” SLn ·τ (see [14]) which
is an extension of an abelian group by the Weyl group of the group of fixed
points of τ in SLn.

Let us say a few words about the proof: By some field theoretic argument,
one can reduce the problem to the case when F = k a number field. Then Γ
is a subgroup of an arithmetic group (or more precisely of an S− arithmetic
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group). If H is semisimple, we will apply the recent developed sieve method
for linear groups (as in [9], but we will follow [13] and in particular we will
use [19] which gives property τ for fairly general subgroups of arithmetic
groups). As said, the main novelty of the current paper is the treatment of
the non-connected case. Here we show that the ”Weyl group of a coset” (as
in [14]) indeed replaces the ”Weyl group of the connected component”.

There is another aspect of our work which seems worth to be mentioned
here: In [9], the Galois group of an element γ of an arithmetic group Γ
is studied over the field of definition for Γ. We study the same problem
over general fields F. For an individual element γ ∈ Γ, the Galois group
Gal(F(γ)/F) depends very much on the field F, e.g. it is the trivial group if
F happens to contain the eigenvalues of γ. The proof of Theorem 1.1 shows,
however that for a generic γ ∈ Γ, F(γ) contains a fixed finite extension F′ of
F. Then Gal(F(γ)/F′) = Gal(F′(γ)/F′) depends only on H = Γ and neither
on F or Γ, as long as F is finitely generated .The next result shows that the
finite generation of F is crucial for generic behaviour:

Theorem 6.1. Let H := SLn, n ≥ 5, Γ := H(Z). Let Σ be a finite
generating set of Γ, and let Xk be the corresponding random walk. Then
for any pair of subgroups G = (G1, G2) of the alternating group Alt(n) there
exists an algebraic extension FG of Q, and sequences {ni(G)}, {ki(G)}, such
that

P(Gal(FG(Xni(G))/FG) = G1) ≥ 1− 1

2i

P(Gal(FG(Xki(G))/FG) = G2) ≥ 1− 1

2i

The paper is organized as follows: We will start in Section 2, by defining
the groups Π1, . . . ,Πm associated with the various cosets H1, . . . ,Hm. We
further show that when γ ∈ Hi, there is a map from Gal(F (γ)/F ) to Πi =
Π(Hi). In Section 3 we assume F is a finite field, and prove some properties
of Cartan subgroups and Weyl group, that lay the background for §4, where
we assume that F = k is a number field and Ho is semisimple and prove
Theorem 1.1 in this case using the sieve method (leaving the reduction of
the general case to §5). In Section 5, we will prove the reduction from
general groups and general fields to number fields. In Section 6, we will give
various examples illustrating the various possibilities of Π(Hi). In the last
two subsections we will explain how Theorem 1.1 can fail if either F is not
finitely generated or if Ho has a central tori. We also include two appendices
developing further over [14, 16] some results we need on ”Weyl groups of
cosets” and on k-quasi-irreducibility.

1.1. Notations. Throughout the paper we will use the following notations.
For a set X ,we denote by |X| the cardinality of the set. We write A = O(B)
or A ≪ B if there exists an absolute constant C ≥ 0 such that A ≤ CB.
For a group G, we denote by G♯ the set of conjugacy classes, and for an
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element g ∈ G, [g] ∈ G♯ is the conjugacy class containing it. For an element
g ∈ G and a subgroup H < G, denote ZH(g), the centralizer of g inside
H, that is the subgroup of elements in H commuting with g. We use F for
an ambient field, F its algebraic closure and k for a number field. For an
algebraic group G, Go denotes the connected component of G.

1.2. Acknowledgments. We would like to thank A. Rapinchuk, M. Larsen,
M. Jarden and L. Bary-Soroker for their helpful comments and discussions.
We also would like to thank E. Kowalski and F. Jouve for discussions about
their work.

2. Splitting fields of elements in algebraic groups

Let F be a perfect field, Σ ⊂ GLn(F) a finite set. Denote by Γ := 〈Σ〉,
and H := Γ its Zariski closure. In the following section we will construct for
any coset Hi of H

o in H a finite group Π(Hi), such that for any element h ∈
Hi∩Γ the Galois group of the splitting field of its characteristic polynomial,
denoted by Gal(F(h)/F), is a quotient of a subgroup of Π(Hi). To do so we
recall some properties of diagonalizable groups over perfect fields.

2.1. Diagonalizable groups. A linear algebraic group D defined over a
perfect field F is called diagonalizable if there exists a faithful rational rep-
resentation ρ : D → GLn such that ρ(D(F)) is contained in the group
of diagonal matrices. For such a group D, denote by X(D) the group of
characters χ : D → Gm, where Gm is the one dimensional torus. The
group Gal(F/F) acts on D, and on X(D) by χσ(d) = σ(χ(σ−1(d))), for
σ ∈ Gal(F/F), χ ∈ X(D), d ∈ D. Let φD : Gal(F/F) → Aut(X(D)) be the
homomorphism such that φD(σ)(χ) = χσ, and denote by FD the fixed field
of ker(φD). We call this field the splitting field of D. It is a finite Galois
extension of F. The group D is said to be split over F is its splitting field is
F. In fact the following conditions are equivalent

(i) The action of Gal(F/F) on X(D) is trivial.
(ii) There exists a faithful F-rational representation ρ : D(F) → Dn(F)

where D < GLn is the group of diagonal matrices.

A connected diagonalizable group is called a torus. In fact every diagonal-
izable group D is of the form Do ×F , where Do is a torus, and F is a finite
group.

2.2. Cartan subgroups. In the theory of connected algebraic groups, the
notion of a maximal torus plays a central role. But, for non-connected
groups this notion is not enough. We therefore recall the following definition
of Cartan subgroup (cf. [14]). Let H be a linear algebraic group.

Definition 2.1. A Zariski closed subgroup C < H is called a Cartan subgroup
if the following conditions hold

(i) C is diagonalizable
(ii) C/Co is cyclic.
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(iii) C has finite index in NH(C).

The group W (C) = NHo(C)/Co is called the outer Weyl group of C.

Let Hi be a fixed coset of Ho, and denote by

(1) Ci := {C < H : C is a Cartan subgroup s.t. C/Co

is generated by Cog with g ∈ Hi}
We call the elements of Ci the Cartan subgroups associated to Hi. In [14]
some properties of Cartan subgroup are proved. We list in the proposition
below some of them that are needed in this paper

Proposition 2.2. Let H be a linear algebraic group such that Ho is reduc-
tive, and let Hi be a coset of Ho in H.

(i) Every semisimple element g ∈ Hi is contained in a Cartan subgroup
associated to Hi. In fact if T is a maximal torus in (ZHo(g))o, then
the group 〈T, g〉 is a Cartan subgroup.

(ii) If C ∈ Ci is a Cartan subgroup associated to Hi, such that C/Co

is generated by Cog, with g ∈ Hi, then Co is a maximal torus of
(ZHo(g))o.

(iii) Any two Cartan subgroups C1, C2 ∈ Ci, are conjugate by an element
of Ho.

(iv) Let C be a Cartan subgroup and h1, h2 ∈ Hi ∩ C. Then h1 and h2
are Ho conjugate if and only if they are NHo(C) conjugate.

(v) If Ho is semisimple and simply connected, then ZHo(C) = Co, and
hence, the outer Weyl group W (Hi, C) = NHo(C)/Co acts faithfully
on C. In general Co is of finite index inside ZHo(C).

2.3. F-Cartan subgroups. Since in this paper the base field plays an im-
portant role, the notion of F-Cartan subgroup is in order. As above, let H be
a linear algebraic group, defined over a field F (in general not algebraically
closed), and let Hi be a coset of the connected component Ho. Denote by

Ci(F) = {C < H : C is a Cartan subgroup defined over F

such that C/Co is generated by Cog, g ∈ Hi(F)}
We say that the coset Hi splits over F if there exists an F-Cartan subgroup
associated to Hi, (i.e. a member of Ci(F)) that splits over F (note that
this notion agrees with the case of connected groups, where a group is said
to split over F if it contains an F- split maximal torus). Recall that for
a Cartan subgroup C ∈ Ci(F) the Galois group Gal(F/F) acts on X(C).
Denote by FC the splitting field of C. Let C ∈ Ci(F) be a fixed F-Cartan
subgroup. The outer Weyl group W (Hi, C) acts on C, and therefore also
on X(C), and can be mapped into Aut(X(C)). We denote its image by

W̃ (Hi, C), and denote this action by w · χ = χ(w(c)) for χ ∈ X(C), and
c ∈ C. Since C is defined over F, then its normalizer and centralizer in
Ho, NHo(C), ZHo(C), are also defined over F, and hence the Galois group
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Gal(F/F) acts on the outer Weyl group W (Hi, C), and on W̃ (Hi, C). Let

σ ∈ Gal(F/F), w ∈ W̃ (Hi, C) and χ ∈ X(C). Then

(2) σ(w) · χ =
(
w · χσ−1

)σ
.

In particular, if C splits over F, and so the action of the Galois group is

trivial on X(C), it is also trivial on W̃ (Hi, C).
We can now define the group Π(Hi) that will contain as a subquotient the

Galois group of the splitting field of the characteristic polynomial of every
element in Hi. Let C ∈ Ci(F) be an F-Cartan subgroup of H associated
to Hi. Denote by Π(Hi, C,F) the subgroup of Aut(X(C)) generated by

the image of W̃ (Hi, C) and φC(Gal(FC/F)). Let C1 be another F-Cartan
subgroup of H associated to Hi. Then C1 and C are Ho-conjugate, that
is there exists an element h ∈ Ho such that C = h−1C1h. Notice that
since both Cartan subgroups are defined over F, we have that for any σ ∈
Gal(F/F) the element h−1σ(h) normalizes C, and therefore it defines an

element of W (Hi, C), and therefore an element of W̃ (Hi, C
o). Denote this

element by wσ. Denote by f : C1 → C the isomorphism sending x 7→ h−1xh,
and by F : X(C) → X(C1) the one sending χ 7→ χ ◦ f .
Proposition 2.3. Under the above notations, we have:

(i) W̃ (Hi, C) is a normal subgroup of Π(Hi, C,F).
(ii) The isomorphism of Aut(X(C)) → Aut(X(C1)) sending γ 7→ F ◦γ ◦

F−1 induces an isomorphism of Π(Hi, C,F) onto Π(Hi, C1,F), and

of W̃ (Hi, C) onto W̃ (Hi, C1).

(iii) Let σ ∈ Gal(F/F). Denote by wσ ∈ W̃ (Hi, C) the element repre-
sented by h−1σ(h). Then

F−1 ◦ φC1(σ) ◦ F = wσ ◦ φC(σ)
(iv) Let K ⊂ F be an extension of F over which Hi splits. Then φC(Gal(F/K)) ⊂

W̃ (Hi, C).

Proof. For σ ∈ Gal(F/F) and w ∈ W̃ (Hi, C) we need to show that φC(σ) ◦
w ◦ φC(σ−1) lies in W̃ (Hi, C). Now,

(3)
(
φC(σ) ◦ w ◦ φC(σ−1)

)
(χ) =

(
w · χσ−1

)σ
= σ(w) · χ

We therefore get that φC(σ) ◦ w ◦ φC(σ−1) = σ(w) ∈ W̃ (Hi, C). For σ ∈
Gal(F/F) we will show that F−1 ◦ φC1(σ) ◦ F lies in Π(Hi, C,F).
(4)(
F−1 ◦ φC1(σ) ◦ F

)
(χ) = (χ◦f)σ◦f−1 = χσ◦(fσ◦f−1) = χσ◦(f◦(fσ)−1)−1

where the isomorphism f ◦ (fσ)−1 of C maps x 7→ h−1σ(h)x(h−1σ(h))−1,
which equals the isomorphism of C given by wσ. This proves that

(5) F−1 ◦ φC1(σ) ◦ F = wσ ◦ φC(σ)
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and is therefore an element of Π(Hi, C,F), and we also proved (3). To
finalize the proof of part (2) we need to see the isomorphism of the Weyl
groups: we note that if w ∈ W (Hi, C1) is represented by n ∈ NHo(C) then

h−1nh ∈ NHo(C1). The isomorphism of W̃ (Hi, C), W̃ (Hi, C1) then follows
immediately.

For the last part, if Hi splits over K, we may then take C as a split Cartan
group. We therefore get by (5) that

φC1(σ) = F ◦ wσ ◦ F−1

which is an element of W̃ (Hi, C1) by part (ii) of the proposition. �

For a fixed field F, the group Π(Hi, C,F) is unique up to isomorphism,
and the isomorphisms Π(Hi, C,F)→̃Π(Hi, C

′,F) are unique up to inner au-
tomorphisms of Ho. We can therefore denote it by Π(Hi,F), and the set
of conjugacy classes Π(Hi, C,F)

♯ are unambiguous and we will denote it by
Π(Hi,F)

♯. Notice that by the last part of Proposition 2.3 we have that if Hi

splits over F, then Π(Hi, C,F) = W̃ (Hi, C). In the case that two or more
fields of different types take place we denote the set of conjugacy classes by

W̃ (Hi,F)
♯.

For a coset Hi, define the splitting field of Hi to be Fi := ∩C∈Ci(F)FC ,

and FW
i = φ−1

C (W̃ (Hi, C)) for an F-Cartan subgroup C associated to Hi

(notice that the definition of FW
i is independent of C by Proposition 2.3(ii)).

Although Hi does not necessarily split over Fi, the following lemma shows
that some connection with the splitting property still holds.

Lemma 2.4. Let F, H, and Hi be as above. Then

(i) For any F-Cartan subgroup C associated to Hi, φC(Gal(F/Fi)) ⊆
W̃ (Hi, C). i.e. FW

i ⊂ Fi, and in particular Gal(F/Fi) ≤ Gal(F/FW
i )

(ii) For any F-Cartan subgroup C associated to Hi, the following holds:

(a) Gal(FC/F
W
i ) is isomorphic to a subgroup of W̃ (Hi, C).

(b) There is an exact sequence:

(6) 1 → W̃ (Hi, C) ∩ φC(Gal(F/F)) → φC(Gal(F/F)) → Gal(FW
i /F) → 1.

Furthermore, the group Π(Hi, C,F) satisfies the following exact
sequence

(7) 1 → W̃ (Hi, C) → Π(Hi, C,F) → Gal(FW
i /F) → 1

(iii) Functoriality of Π: For any finite field extension E/F, Π(Hi, C,E) ≤
Π(Hi, C,F).

(iv) Let C be an F-Cartan subgroup associated to Hi. Then if there
exists a finite extension E such that φC : Gal(F/E) → Π(Hi, C,E)
is surjective, then φC : Gal(F/F) → Π(Hi, C,F) is also surjective

Remark 2.5. (i) We do not know if FW
i = Fi. In [17], Prasad and

Rapinchuk show that if H is connected, then FW
i is the smallest field

L such that H is an inner form over L.
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(ii) Part (iv) will allow us, in the proof of Theorem 1.1, to assume that
Hi splits over F

Proof.

(i) Since W̃ (Hi, C) is a normal subgroup of Π(Hi, C,F), then so is its

inverse image Wφ := φ−1(W̃ (Hi, C)). Furthermore, as mentioned

above, by Proposition 2.3(ii), it is independent of C. Fi ⊂ F is
the fixed field of Wφ, which is the finite extension of F satisfying

that it is the minimal extension of F such that φC(Gal(F/L)) ⊂
W̃ (Hi, C). For a Cartan subgroup C1, by Proposition 2.3(iv) we
have that FW

i ⊂ FC1 . Since C1 is arbitrary, we get that FW
i ⊂ Fi.

(ii) (a) As ker(φC) = Gal(F/FC), we get by the first part that Gal(FC/Fi)

is isomorphic to a subgroup of W̃ (Hi, C).
(b) By (i), FW

i ⊂ FC , and therefore Gal(F/FC) ≤ Gal(F/FW
i ).

Also by the definition of FW
i , and the fact that ker(φC) =

Gal(F/FC), we get that

(8) φC(Gal(F/F))/
(
W̃ (Hi, C) ∩ φC(Gal(F/F))

)
≃

(
Gal(F/F)/Gal(F/FC)

)
/
(
Gal(F/FW

i )/Gal(F/FC)
)
≃ Gal(FW

i /F)

By definition, Π(Hi, C,F) is generated by φC(Gal(F/F)) and

W̃ (Hi, C). Since W̃ (Hi, C) is a normal subgroup of Π(Hi,F, C),

it is in fact equal to W̃ (Hi, C)φC(Gal(F/F)). Therefore, by the
computation above, we have that

(9) Π(Hi,F, C)/W̃ (Hi, C) = W̃ (Hi, C)φC(Gal(F/F))/W̃ (Hi, C) ≃

φC(Gal(F/F))/
(
W̃ (Hi, C) ∩ φC(Gal(F/F))

)
≃ Gal(FW

i /F)

(iii) Since φC(Gal(F/E)) is a subgroup of φC(Gal(F/F)), and by the
definition of the groups, we get that Π(Hi, C,F) ≤ Π(Hi, C,E).

(iv) By (6),(7), we get that for any fieldK, φC : Gal(F/K) → Π(Hi, C,K)

is surjective if and only if the image contains W̃ (Hi, C). Therefore,
if there exists a field E such that φC : Gal(F/E) → Π(Hi, C,E)

is surjective, then the image φC(Gal(F/F) contains W̃ (Hi, C), and
therefore, φC : Gal(F/F) → Π(Hi, C,F) is surjective.

�

Let σ ∈ Gal(F/F). We define a function θσ : Ci(F) → Π(Hi,F)
♯ given by

θσ(C) = [φC(σ)]. Notice that if Hi splits over F, then the image is in fact

inside W̃ (Hi)
♯. In section A.2 we define the notion of regular semisimple

elements. A semisimple element is called regular if the connected component
of its centralizer in Ho is a torus. From Proposition A.1 (2) it follows
that such an element g ∈ Hi is contained in a unique Cartan subgroup
associated to Hi that we denote Cg. Note that when g ∈ Hi(F), then Cg
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is defined over F. Using this we can extend θσ, defined above for Cartan
subgroups, to the set of regular semisimple elements in Hi(F), which we
denote (Hi(F))sr. We do this by defining for an element σ ∈ Gal(F) the

map θσ : (Hi(F))sr → Π(Hi,F)
♯ with θσ(g) =

[
φCg (σ)

]
.

The following proposition shows that in the case where char(F) = 0, for
any element h ∈ Hi(F), the Galois group of the splitting field over F of the
characteristic polynomial of h is a subquotient of Π(Hi,F).

Proposition 2.6. Let H,Hi,Fi be as above, and assume char(F) = 0. For
any h ∈ Hi(F), let Gal(F(h)/F) be the Galois group of the splitting field of
det(T − h). Then Gal(F(h)/F) is isomorphic to a quotient of a subgroup
of Π(Hi,F), and Gal(F(h)/(F(h) ∩ Fi)) is isomorphic to a quotient of a

subgroup of W̃ (Hi).

Proof. Let h ∈ Hi(F). By Jordan decomposition there exists a unique pair
hs, hu ∈ H(F) with hs semisimple, and hu unipotent, such that h = hshu =
huhs. Furthermore, since hu is unipotent, the group generated by it is con-
nected and therefore hu ∈ Ho, and so hs ∈ Hi(F). Let Dh := Dhs be the
Zariski closed subgroup generated by hs. Then Dh is contained in any Car-
tan subgroup C of G containing hs. Let Ch be a Cartan subgroup containing
hs, such that Ch/C

o
h is generated by Co

hhs, so Ch ∈ Ci(F). The splitting field
of det(T − h) = det(T − hs) is the splitting field of Dh. Since Dh ⊂ Ch, we
have that the splitting field of Dh is contained in the splitting field of Ch. By
the construction of Π(Hi, Ch,F) we have that Gal(FCh

/F) is a subgroup of
Π(Hi, Ch,F), and since Gal(FDh

/F) is a quotient of Gal(FCh
/F) the result

follows. Since Fi ⊂ FCh
, and Gal(FCh

/Fi) ⊂ W̃ (Hi, Ch) (by lemma 2.4) the
second part follows in a similar way. �

2.4. Outer Weyl groups and reduction modulo primes. In this sec-
tion we apply the above construction in the following setting: Let F = k
be a number field, Σ ⊂ GLn(k) a finite set, Γ = 〈Σ〉, H = Γ. Let Ok be
the ring of integers of k. There exists a finite set of places S, such that
Γ ⊂ GLn(Ok,S) ∩ H =: H(Ok,S). A significant role in this paper is played
by the Frobenius conjugacy class. We give here a reminder for that. Let
p ⊳ Ok be an unramified prime ideal, and let kp,Op be the corresponding
field completion, and valuation ring, respectively. Let Fp be the residue

field, and πp : Op → Fp be the residue map. Denote by knrp ⊂ kp the maxi-
mal unramified extension, and the algebraic closure of kp of kp, respectively.

It is a well known fact (c.f. chapter V in [3]) that Gal(knrp /k) ≃ Gal(Fp/Fp)
are isomorphic, and thus there exists a unique element denoted Frobp that

corresponds to the generator of Gal(Fp/Fp) (denoted also by Frobp sending

x 7→ xN(p), where N(p) is the cardinality of Fp). For an embedding k → kp
corresponds an inclusion Gal(kp/kp) → Gal(k/k), which defines an element

Frobp ∈ Gal(k/k). This element is defined up to a conjugation, and thus

defines a conjugacy class of Gal(k/k), and, as in §2.3, defines a map from
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the regular semisimple elements of Hi(k) to conjugacy classes of Π(Hi, k).
That is, the following map

θFrobp : (Hi(k))sr → Π(Hi, k)
♯

is well defined.
Let us now consider the reduction modulo prime ideals. Note that since

H is defined over k, by a finite number of polynomials, H and therefore also
Ho, and any coset of it, are defined over Fp for almost all prime ideals p

(depending only on H), by using the same polynomials defining H, regraded
as polynomials over Fp. Notice also, that given a coset Hi, the Weyl group
W (Hi), seen as NHo(C)/Co for a k-Cartan subgroup C is also defined over
Fp for all large enough p, and in fact as it is finite, it is isomorphic to
the Weyl group defined over k. The goal of this subsection is to prove the
following proposition:

Proposition 2.7. Let k,Ok, S,H,H
o,Hi be as above, and assume that Hi

splits over k. Then there exists a finite set of primes S′ containing S such
that

(i) There exists a non-empty open subset V ⊂
(
Hi(k)

)
rs

defined over k,

such that for any p 6∈ S′, if h ∈ Hi(Ok,S) satisfying πp(h) ∈ V (Fp),
then h ∈ V (Ok,S) ⊂ (Hi(Ok,S))rs, that is

{h ∈ Hi(Ok,S) : h 6∈ V (Ok,S)} ⊂
{
h ∈ Hi(Ok,S) : πp(h) 6∈ V (Fp)∀p 6∈ S′

}

(ii) For any p 6∈ S′ there exists a bijection α : W̃ (Hi,k)
♯ → W̃ (Hi,Fp

)♯,

such that for any h ∈ Hi(Ok,S) if πp(h) ∈ (Hi(Fp))sr, then α(θFrobp
(h)) =

θFrobp(πp(h)). In particular, we have that the following diagram com-
mutes:

Hi(Ok,S)rs ⊃ V (Ok,S)

πp

��

θFrobp // W̃ (Hi, k)

α
��

Hi(Fp)rs ⊃ V (Fp)
θFrobp

// W̃ (Hi,Fp)

and for any U ∈ W̃ (Hi)
♯

{
h ∈ Hi(Ok,S) : h ∈ (Hi(Ok,S))sr and θFrobp(h) 6= U ∀p 6∈ S′

}
⊂

{
h ∈ Hi(Ok,S) : πp(h) ∈ (Hi(Fp))sr ∧ θFrobp(πp(h)) 6= α(U) ∀p 6∈ S′

}

Remark 2.8. Notice that since Hi is assumed to be split, there exists a
Cartan subgroup C associated to Hi that splits, and therefore for all but

finitely many primes, Hi splits also over Fp. In particular θFrobp ∈ W̃ (Hi)
♯.

Throughout the proof we will assume that the set S′ contains the finite set
of exceptional primes.
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Proof. Let V ⊂ Hi be the open subset given by Proposition A.9. Let C be
a fixed split Cartan subgroup, and S′ be such that C splits for all p 6∈ S′.
Furthermore, let A(Co) be the set of roots of Co. Since C splits, also Co

does, and choose S′ such that for all p 6∈ S′ the elements of A(Co) are defined
over Fp, and are all different. Notice also that if an element h is inside the
kernel of a root of Co, then its reduction modulo any prime will also be
inside the kernel. Therefore, by the proof of Proposition A.9 this shows that
if πp(h) ∈ V (Fp) then πp(h) is regular semisimple, and part (1) is proved.
For the second part, we follow Lemma 3.2 in [9]. We first construct the

bijection α : W̃ (Hi,k)
♯ → W̃ (Hi,Fp

)♯. Let C0 < H be a fixed split k-Cartan

subgroup associated to Hi. Let p 6∈ S be an unramified prime. The following
maps

(NHo(C0)/ZHo(Co
0)) ((Ok,S)p) →֒ (NHo(C0)/ZHo(Co

0)) (kp) = W̃ (Hi,k, C0)

(NHo(C0)/ZHo(Co
0)) ((Ok,S)p) ։ (NHo(C0)/ZHo(Co

0)) (Fp) = W̃ (Hi,Fp
, C0)

are indeed injective and surjective (notice that the latter is surjective by

Hensel’s Lemma, and the fact that C0 splits), and since W̃ (Hi,k, C0) ≃
W̃ (Hi,Fp

, C0) are isomorphic (recall that these groups are isomorphic for p

outside a finite set by the discussion before the Proposition). Therefore,
they are both isomorphisms, and as such define a bijection between con-
jugacy classes. Let h ∈ Hi(Ok,S) be a regular semisimple element such
that πp(h) ∈ Hi(Fp) is regular semisimple, Ch = 〈(ZHo(h))o , h〉 be the
unique Cartan containing it, and Ch,p be the unique Cartan containing

πp(h). Let x ∈ Ho(F) be such that C0 = xCh,px
−1. Then by Proposi-

tion 2.3(iv) θFrobp(πp(h)) = [x−1Frobp(x)]. By Hensel’s Lemma applied to

(Ok,S)
nr
p

→ Fp, there exists x ∈ NHo(H)((Ok,S)
nr
p
) that lifts x, and thus

satisfy x−1C0x = C, and thus θFrobp(h) = [x−1Frobp(x)]. By the definition
of the bijection of conjugacy classes, the result is proved. �

3. Outer Weyl groups over finite fields

In this section we prove some properties of outer Weyl groups for groups
defined over finite fields. Here H is a linear algebraic group defined and split
over a finite field k = Fq of q elements, Ho, its unit component, is semisimple,
and we fix a connected component Hi. We recall first the definition of the
function θ defined in the preceding section. For a Cartan subgroup C, we
have defined in Section 2 a homomorphism

φC : Gal(k/k) → W̃ (Hi, C)

(note that the image is indeed inside W̃ (Hi) since we assume that H splits
over k). Let h ∈ Hi be a semisimple regular element, and let Ch be the
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unique Cartan subgroup containing it. Denote by Frob the Frobenius ele-
ment in Gal(k/k). We defined in Section 2 the following functions

θFrob : Ci(k) → W̃ (Hi)
♯(10)

C 7→ [φC(Frob)]

and

θFrob : Hi(k)sr → W̃ (Hi)
♯(11)

h 7→ [φCh
(Frob)]

We abbreviate θ := θFrob. Our goal in this section is to prove that for a

fixed connected component Hi, and for a fixed conjugacy class U ∈ W̃ (Hi)
♯,

the density of elements h ∈ Hi(k) such that θ(h) = U is positive as the size
of the field k grows. For a connected component Hi, let Ci and Ci(k) be as
before. The following theorem, known as the Lang-Steinberg Theorem ( c.f.
[20] Theorem 10.1), plays a crucial role in the sequel, and we therefore state
it.

Theorem 3.1 (Lang-Steinberg Theorem). Let G be a connected reductive
linear algebraic group, and let F be an endomorphism of G. Suppose that F
has only finitely many fixed points. Then the map x 7→ x−1F (x) is surjective.

Throughout this section, denote for any Cartan subgroup C, π : NHo(C) →
W (Hi, C), and π̃ : NHo(C) → W̃ (Hi, C).

Lemma 3.2. Let H and Hi be as above. Let C̃ be a split k-Cartan subgroup

associated to Hi, and denote by WF = WF (Hi, C̃) := {w ∈ W (Hi, C̃) :
Frob(w) = w}. Then

(i) Every C ∈ Ci(k) defines a W̃ (Hi, C̃) conjugacy class, given by θ(C).

(ii) For every W̃ (Hi, C̃)-conjugacy class U there exists a Cartan sub-
group C ∈ Ci(k) such that θ(C) = U .

(iii) Let C1, C2 ∈ Ci(k), and let xi, i = 1, 2 be such that Ci = C̃xi, i = 1, 2.
Assume that π(x−1

1 Frob(x1)) is WF -conjugate to π(x−1
2 Frob(x2))

then C1 is conjugate to C2 by an element of Ho(k). Conversely, if
C1 and C2 are conjugated by an element of Ho(k) then θ(C1) = θ(C2)

Remark 3.3. Note that as Hi splits, W̃ (Hi, C̃) = W̃ (Hi, C̃)F , but we do

not know if also W (Hi, C̃) =W (Hi, C̃)F .

Proof. For C ∈ Ci(k), there exists x ∈ Ho(k) such that Cx = C̃, and

θ(C) = [x−1 Frob(x)] ∈ W (Hi, C̃)
♯. If C̃ = Cy for y ∈ Ho(k), we have that

x−1y = n ∈ NHo(C̃), and

y−1 Frob(y) = n−1x−1 Frob(x) Frob(n) = n−1x−1 Frob(x)n (mod ZHo(C̃))

because n = Frob(n) (mod ZHo(C̃)) since C̃ splits. Therefore we get a

corresponding equality in W̃ (Hi, C̃). Let U ⊂ W̃ (Hi, C̃) be a conjugacy
class, and let n ∈ NHo(C) a corresponding element. Then by Lang-Steinberg
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Theorem there exists g ∈ Ho(k) such that g−1 Frob(g) = n. Then C̃g−1
is a

k-Cartan subgroup such that θ(C̃g−1
) = U .

Assume now that C1, C2 ∈ Ci(k) are such that Cx1
1 = C̃ = Cx2

2 , and

π(x−1
1 Frob(x1)) and π(x−1

2 Frob(x2)) are conjugated by an element WF .

Let n ∈ NHo(C̃) be a conjugating element, that is

(12) n−1x−1
1 Frob(x1)n = x−1

2 Frob(x2) (mod C̃o)

Since w ∈WF , we get that n = Frob(n) (mod C̃o), and so from (12) we get
that

x2n
−1x−1

1 Frob(x1nx
−1
2 ) ∈ (C̃o)x

−1
2 = Co

2

Applying the Lang-Steinberg theorem for Co
2 , k and Frob, we find that there

exists g ∈ Co
2 such that

x2n
−1x−1

1 Frob(x1nx
−1
2 ) = g−1 Frob(g)(13)

gx2n
−1x−1

1 = Frob(gx2n
−1x−1

1 )(14)

hence y = gx2n
−1x−1

1 ∈ Ho(k), and it satisfies Cy
1 = C2. The converse

direction is clear. �

Lemma 3.4. Let H,Ho and Hi be as above. Let C̃ ∈ Ci(k) be a split Cartan

subgroup, and let C ∈ Ci(k). Let g ∈ Ho(k) be such that C = C̃g, and denote

by w = π̃(g−1 Frob(g)) ∈ W̃ (Hi, C̃). Let N(k) = NHo(C)(k), Co(k) be the
k-points of NHo(C), Co respectively. Then

(i) Let πW :W (Hi, C̃) ։ W̃ (Hi, C̃), then for any x ∈WF (Hi, C)

π(gxg−1) ∈ Z
W̃ (Hi,C̃)

(w)

(ii) Let A = | ker(πW )|. Then

|N(k)|
|Co(k)| ≤ A|Z

W̃ (Hi,C̃)
(w)|

In particular, there exists a constant c > independent of k, such that
|N(k)|
|Co(k)| < c.

Proof. We first note that conjugation by g sends NHo(C̃) to NHo(C), and

C̃o to Co. Let x ∈ NHo(C̃), and let Frob be the Frobenius automorphism of

k. Then gxg−1 ∈W (Hi, C̃). Notice that

Frob(gxg−1) = gg−1 Frob(g) Frob(x) Frob(g)−1gg−1 = gw−1 Frob(x)wg−1

where all equalities are as elements of W (Hi, C̃). Therefore, if gxg−1 ∈
WF (Hi, C̃), then

gxg−1 = gw−1 Frob(x)wg−1 ⇒ x = w−1 Frob(x)w

since C̃ splits which implies that πW (x) = πW (Frob(x)). We get that
w−1πW (x)w = πW (x).
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By [2] §1.17 we have that N(k)/Co(k) is isomorphic to (N/Co)(k), the
subgroup ofW (Hi, C) consisting of Frobenius fixed points, that isWF (Hi, C),
which concludes the proof of the second part. �

Proposition 3.5. Let H,Ho and Hi be as above, and let U ∈ W (Hi)
♯ a

fixed conjugacy class. Then there exists a constant c > 0 (independent of
k), such that

(15)
| {g ∈ (Hi(k))sr : θ(g) ∈ U} |

|Hi(k)|
≥ c > 0 as |k| → ∞

Proof. Denote by Ci(k, U) the set of Cartan subgroups C ∈ Ci(k) such that
θ(C) = U . This is a nonempty set by Lemma 3.2. Let C1 ∈ Ci(k, U) be a
fixed Cartan subgroup. Then

{g ∈ (Hi(k))sr : θ(g) ∈ U}
|Hi(k)|

=
| {g ∈ Hi(k)sr : ∃C ∈ Ci(k, U) s.t g ∈ C} |

|Hi(k)|
≥

| {g ∈ Hi(k)sr : ∃x ∈ Ho(k) s.t g ∈ Cx
1 } |

|Hi(k)|
=

1

|Hi(k)|
∑

C=Cx
1

x∈Ho(k)

|C ∩Hi(k)|+ o(1)

Where in the last line we use the fact that most elements are semisimple
regular, and the fact that if C,C ′ are Ho(k)-conjugate then θ(C) = θ(C ′).
We now get that

1

|Hi(k)|
∑

C=Cx
1

x∈Ho(k)

|C ∩Hi(k)| =
1

|Hi(k)|
∑

g∈Ho(k)/NHo (C1)(k)

|g−1Cg ∩Hi(k)| =

1

|Hi(k)|
∑

g∈Ho(k)/NHo (C1)(k)

|g−1(C1 ∩Hi(k))g| =
|C1 ∩Hi(k)|
|NHo(C1)(k)|

Let h ∈ C1∩Hi(k) be a fixed element, and write Hi(k) = Ho(k)h. Therefore

|C1 ∩Hi(k)| = |C1 ∩Ho(k)h| = |C1 ∩Ho(k)| ≥ |Co
1(k)|

since Co
1 ⊂ (C1 ∩Ho). Therefore,

|C1 ∩Hi(k)|
|NHo(C1)(k)|

≥ |Co
1(k)|

|NHo(C1)(k)|
≥

A

|ZW (Hi,C1)(w)|
= A

|U |
|W̃ (Hi)|

> 0

where in the first equality we use |Ho(k)| = |Hi(k)|, and in the last line we

use Lemma 3.4 and that the size of a conjugacy class U in W̃ (Hi, C1) is

|U | = |W̃ (Hi,C1)|
|Z

W̃ (Hi,C1)
(w)| , for any w ∈ U . �
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4. Proof of theorem 1.1 for number fields

In this section we prove the following theorem which is the special case of
Theorem 1.1 under the assumption that F = k is a number fields. We recall
that a subset Σ in a group Γ is called admissible if Σ = Σ−1 and satisfying
that Cay(Γ,Σ) is not bipartite. This can be achieved if the elements of Σ
satisfy an odd relation. In general this is true if Σ is not contained in the
complement of a subgroup of index 2.

Theorem 4.1. Let k be a number field, n ∈ N, and Σ ⊂ GLn(k) a finite
admissible subset. Let Γ := 〈Σ〉, and H := Γ with Ho semisimple. For γ ∈ Γ
let Π(γHo) be the group Π(γHo, k) defined in §2.3. Let w : N → Σ be a
random walk of Γ. Then there exists c > 0, such that for all k ∈ N

P(wk ∈ {γ ∈ Γ : Gal(k(γ)/k) 6= Π(γHo)}) ≪ e−ck

We first recall the basic setting from the previous sections. LetH be an al-
gebraic group withHo semisimple. LetHi be a coset ofH

o. For a semisimple
regular element h ∈ Hi, let Ch be the unique Cartan subgroup associated to
Hi that contains h. We have constructed a homomorphism φh : Gal(k/k) →
Π(Hi, Ch), with ker(φh) satisfying Gal(kCh

/k) ≃ Gal(k/k)/ ker(φh). Fur-
thermore, if Hi splits over k, then Π(Hi, Ch, k) =W (Hi, Ch) the outer Weyl
group associated toHi, and in general Π(Hi, Ch, k) = 〈φh(Gal(kCh

/k)),W (Hi, Ch)〉.
In order to justify our focus on Cartan subgroups instead of elements we need
the following definition generalizing similar notions from [16].

Definition 4.2. Let H,Ho,Hi and k be as above. Let Ho = H1 · · ·H l

be the decomposition of Ho as an almost produck of k-simple subgroups,
and Ho = H(1,i) · · ·H(r,i) be the minimal decomposition of Ho into normal
subgroups of Ho invariant under conjugation by Hi (see Appendix B). We
say that

(i) A k-Cartan subgroup C associated to Hi is Hi − k quasi irreducible

if Co has no k-subtori other than Co ∩H(j,i), j = 1, . . . , r.
(ii) An element x ∈ Ho is without Hi-components of finite order if

for some (equivalently, any) decomposition x = x1 · · · xr with xi ∈
H(s,i), s = 1, . . . , r, all the xi’s have infinite order.

In Appendix B we prove (see Lemma B.3 and Corollary B.4) the following
generalization of a result in [16]:

Lemma 4.3. Let H be a linear algebraic group defined over a number
field k, such that Ho is semisimple. Fix a coset Hi of Ho, and let H =
H(1,i) · · ·H(r,i) as above. Let C be a k-Cartan subgroup associated to Hi

such that Gal(kC/k) contains the Weyl group W (Hi, C), then Co is Hi − k

quasi irreducible. Furthermore, if x ∈ C ∩ Hi(k) is such that xord(Hi) is
without Hi-components of finite order (where ord(Hi) is the order of Hi in
H/Ho), then Gal(k(x)/k) = Gal(kC/k).

Theorem 4.1 follows from the following two lemmas
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Lemma 4.4. Let Σ,Γ,H,Ho,Hi, w : N → Σ be as above, and assume Ho

is semisimple. Then there exists c1 > 0 such that for all k ∈ N

(16) P(wk ∈ {γ ∈ Γ : γ is not regular semisimple }) ≪ e−c1k

and
(17)

P(wk ∈ {γ ∈ Γ ∩Hi : γ has an Hi-component of finite order}) ≪ e−c1k

Lemma 4.5. Let Σ,Γ,H,Ho,Hi, w : N → Σ be as above, and assume Ho

is semisimple, and Hi splits over k. For U ∈W (Hi)
♯ denote

Z1 =
{
γ ∈ Γ : γ is semisimple regular, and φγ(Gal(k/k)) ∩ U = ∅

}
.

There exists c2 > 0 such that for all n ∈ N

(18) P(wk ∈ Z1) ≪ e−c2n

We first conclude the proof of the Theorem 4.1 assuming the above Lem-
mas, by showing that the complement of the set

{γ ∈ Γ : Gal(k(γ)/k) = Π(γHo)}
is contained in a finite union of exponentially small sets. By Lemma 4.4,
we may assume that if γ ∈ Hi then γ is regular semisimple without Hi-
components of finite order. In particular, for such γ ∈ Γ ∩ Hi, Cγ :=
〈(ZHo(γ))o , γ〉 is the unique k-Cartan subgroup associated to Hi containing
γ, and by Lemma 4.3, that Gal(kCγ/k) = Gal(k(γ)/k). We therefore concen-
trate our attention from now on to elements in Cartan subgroups, and Galois
groups of splitting fields of them. We want to show that for any coset Hi,
most elements C of Ci(k) satisfy Gal(kC/k) = Π(Hi, k). By Lemma 2.4(iv)
Gal(kC/k) = Π(Hi, k) if there exists a finite extension K of k, such that
Gal(KC/K) = Π(Hi,K). We may therefore assume, by replacing the field
k with a finite extension, that all cosets of Ho split over k. In particular,

we have that Π(Hi, k) = W̃ (Hi). Using a well known theorem of Jordan,
stating that for any finite group, a proper subgroup must have an empty
intersection with at least one conjugacy class, we have that if C ∈ Ci(k)
satisfies that the image of Gal(kC/k) 6= W̃ (Hi, C), then there exists a con-

jugacy class U ∈ W̃ (Hi)
♯, such that for any σ ∈ Gal(k/k), θσ(C) 6= U . We

therefore have the following inclusion:

(19) {γ ∈ Γ : Gal(k(γ)/k) 6≃ Π(γHo)} ⊂
m⋃

i=1

{γ ∈ Γ ∩Hi : γ 6∈ (Hi(k))rs or has an Hi-component of finite order}
⋃

⋃

U∈W (Hi)♯

{
γ ∈ Γ ∩ (Hi(k))rs :

γ is without Hi-components of finite order,
φγ(Gal(k/k))∩U=∅

}

and since this is a finite union, it suffice to show that each set is exponentially
small, which is the content of Lemma 4.5 and Lemma 4.4, and thus the
Theorem is proved.
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4.1. Sieve method. For both Lemmas the following theorem of Salehi
Golsefidi-Varju [19] is essential.

Theorem 4.6. Let Γ ⊂ GLn(Z[
1
q0
]) be the group generated by a symmetric

set S. Then G(πq(Γ), πq(S)) form a family of expanders when q ranges over
square free integers coprime to q0 if and only if the connected component of
the Zariski closure of Γ is perfect.

4.1.1. Proof of Lemma 4.4. Assume, without loss of generality, that H =

〈Ho,Hi〉, and let π(j,i) : H → H/Ĥo
i,j, where

Ĥo
i,j := H(1,i) · · ·H(j−1,i)H(j+1,i) · · ·H(r,i),

(that is the product with H(j,i) dropped) be the reduction map from H onto

the adjoint representation of H(j,i). Notice that if x = x1 · · · xr ∈ Ho is such
that xj is of finite order, then π(j,i)(x) has finite order. The proof will follow
from Proposition 2.7 and the following Proposition 2.7 from [13]:

Proposition 4.7. Let Γ be a finitely generated subgroup of GLn(Q), such
that the identity component of the Zariski closure of H = Γ is perfect. Let
V be a proper subvariety of H, defined over Q. Then the set V (C) ∩ Γ is
exponentially small.

By Proposition A.9, the set of regular semisimple elements in Hi contain
an open dense subset, defined over k, and therefore (16) is a consequence of
Proposition 4.7. Notice, also, that for a fixed field k, there exists m ∈ N,
such that if h ∈ H(k) with eigenvalue that is a root of unity, then the order
of the root divides m. Therefore all regular semisimple elements of finite
order in Hi are inside the variety defined by xmn = 1, where n is the order
of Hi in H/H

o, and thus (17) also follows from Proposition 4.7.

4.1.2. Proof of Lemma 4.5. Lemma 4.5 is a consequence of the sieve method
for groups, and in particular the following Theorem:

Theorem 4.8 ([13] Corollary 3.3). Fix s ≥ 2. Let Γ be a finitely generated
group, and let Σ ⊂ Γ an admissible subset of it. Let Λ < Γ be a subgroup
of Γ of finite index, and let (Ni)i≥s be a sequence normal subgroups of Γ of
finite index which are contained in Λ. Let Z ⊂ Γ and assume the following

(i) Γ has property-τ w.r.t the series of normal subgroup (Ni ∩Nj)i,j≥s.

(ii) There exists d such that |Γ/Nj | ≤ jd for every j ≥ s.
(iii) |Λ/ (Ni ∩Nj) | = |Λ/Ni||Λ/Nj | for every i 6= j ≥ s
(iv) There is c > 0 such that for every coset κ ∈ Γ/Λ and every j ≥ s

(20) | (Z ∩ κ)Nj/Nj | ≤ (1− c)|Λ/Nj |.
Then there exist α, t > 0 such that

P ({wk ∈ Γ : wk ∈ Z}) ≤ e−αk ∀k ≥ tlogs
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By Proposition 2.7 there exists an open non-empty subset V defined over
k and a finite set of primes S, such that the following set

Z =
{
h ∈ Γ : h ∈ V (k) ⊂ (Hi(k))rs , θFrobp(h) 6= U,∀p 6∈ S

}
.

is contained in the following

Z1 :=
{
h ∈ Γ : πp(h) ∈ V (Fp) ⊂ (πp(Γ))rs , θFrobp(πp(h)) 6= U,∀p 6∈ S

}

and thus it suffice to show that the latter is exponentially small. For this goal
we will use Theorem 4.8. In order to define the sequence of normal subgroups
{Ni}i≥s, and the subgroup Λ < Γ we use the following Proposition

Proposition 4.9. Let k be a number field, ∆ = 〈g1, . . . , gr〉, gi ∈ GLn(k) a
finitely generated group, such that G := ∆ is connected and semisimple. Let

ψ : G̃ → G be the simply connected cover of G. Then there exists a finite
set S of primes of Ok, the ring of integers of k, and a set P of primes of
positive density such that for any p ∈ P

πp(∆) ⊂ ψ(G̃(Fp))

Proof. Let ∆̃ := ψ−1(∆). This is a subgroup of ψ−1(G(k)) ⊂ G̃(K) where

K is a finite extension of k. Since ∆̃ is finitely generated the entries of its
elements are S-arithmetic for a finite set of primes of K. By Chebotarev’s
density Theorem (c.f. p. 143 in [7]), there exists a set of positive density of
primes P of Ok, that totally splits in K, that is for any prime ideal P⊳OK,S

such that P|p, OK,S/P ≃ Ok/p ≃ Fp and thus when reducing ∆ mod p we
have

πp(∆) ⊂ ψ(G̃(Fp))

�

We apply Proposition 4.9 with G = Ho, ∆ = Γ∩Ho. For the set P given

by Proposition 4.9, set {Np}p∈P , and Λ := ψ(ψ−1(∆) ∩ H̃o). It is therefore

left to show that all conditions of Theorem 4.8 hold:

(i) Condition i holds by Theorem 4.6.
(ii) Condition ii holds since P has positive density inside primes.
(iii) Condition iii holds since by the Strong Approximation Theorem (see

e.g. [21] Theorem 9.1.1,[15] Theorem 5.1, and Proposition 5.2 in

[9] and the references therein) Λ/Np ≃ H̃(Fp) and by the Chinese

Remainder Theorem, Λ/(Np∩Nq) = Λ/Np×Λ/Nq ≃ H̃(Fp)×H̃(Fq)
(iv) For Condition iv, let κ ∈ Γ/Λ, and let Hi be the coset ofH

o such that
κ ∈ Hi. Let p ∈ P, and write κ = Λγ, where γ ∈ κ. For a regular
semisimple element h ∈ κ such that πp(h) is also regular semisimple,
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denote Ch,p the unique Cartan subgroup containing πp(h). Then

(21) |πp(Z1 ∩ κ)| ≤ |
{
h ∈ πp(Γ)rs : θFrobp(h) 6= U

}
| ≤

∣∣∣∣∣∣∣∣∣

⋃

h:πp(h)∈(Hi(Fp))rs
θFrobp(πp(h))6=U

(Ch,p)
o πp(h) ∩ πp(Λγ)

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣

⋃

h:πp(h)∈(Hi(Fp))rs
θFrobp(πp(h))6=U

(Ch,p)
o ∩ πp(Λ)

∣∣∣∣∣∣∣∣∣

Where the last equality is since πp(γh
−1) ∈ πp(Λ) by Proposition 4.9.

Let C1 ∈ Ci(F) be a fixed Cartan subgroup (provided by Lemma 3.2)
satisfying θ(C1) = U . Since Hi(Fp) splits, and by Lemma 3.2 the
complement set of the latter set contains the following union of sets

∣∣∣∣∣∣
⋃

C∈Ci(Fp):θFrobp(C)∈U

(
Co ∩ H̃(Fp)

)
∣∣∣∣∣∣
≥

∣∣∣∣∣∣
⋃

g∈Ho(Fp)/NHo (C1)(Fp)

Co
1 ∩ H̃(Fp)

∣∣∣∣∣∣
≥

|Co
1 ∩ ψ

(
H̃(Fp)

)
||Ho(Fp)|

|NHo(C1)(Fp)|
≥ |Co

1 ||H̃(Fp)||H(Fp)|
|NHo(C1)(Fp)|

.

In the last inequality we used the fact that ψ
(
H̃(Fp)

)
is a normal

subgroup of Ho(Fp), and that

|Co
1 ∩ ψ

(
H̃(Fp)

)
| ≥

|Co
1(Fp)||ψ

(
H̃(Fp)

)

|H(Fp)|
.

By Lemma 3.4 and as H̃(Fp) is a normal subgroup of bounded index
in Ho(Fp) we get that there exists a constant c > 0 such that the

last expression is bounded below by c|ψ
(
H̃(Fp)

)
|. We thus find

that 1 − |πp(Z)|/|πp(Λ)| ≥ c > 0, which shows that condition iv
holds.

Since all conditions of Theorem 4.8 hold, this concludes the proof of Lemma
4.5.

4.2. Arbitrary groups. We conclude this section by proving Theorem 1.1
over number fields, for any group H such that Ho does not contain a central
torus. The following lemma was proved in [9] (Lemma 2.3)

Lemma 4.10. Let k be a field of characteristic 0, and Γ < GLn(k) a sub-
group. Let G = Γ be the Zariski closure of Γ, Ru(G) the unipotent radical



20 ALEXANDER LUBOTZKY, LIOR ROSENZWEIG

of Go, and πu : G → G/Ru(G) the reduction map. Then for any g ∈ G(k),
k(g) = k(πu(g)).

Let Γ′ = πu(Γ) = 〈πu(Σ)〉 where πu : H → H/Ru(H
o). Then by the

assumption that Ho does not contain a central torus we get that πu(H
o) is

semisimple. By Lemma 4.10, k(γ) = k(πu(γ)). For a coset Hi of H
o, let

Π(Hi, k) = Π(πu(Hi), k). Then we get that

P(wk ∈ {γ ∈ Γ : Gal(k(γ)/k) 6= Π(γHo)}) ≤
P(wk ∈

{
πu(γ) ∈ Γ′ : Gal(k(πu(γ))/k) 6= Π(πu(γH

o))
}
)

which by Theorem 4.1 is exponentially small.

5. From number fields to finitely generated fields

In the previous section we proved Theorem 1.1 for the case when F = k
is a number field. The goal of this section is to prove the same result for
the general case of finitely generated field F. This will be done using the
procedure of specialization.

Let us recall the notations of §2: Let F be any characteristic zero field, H
an algebraic subgroup of GLn defined over F, Ho its connected component
and {Hi}mi=1 the cosets of Ho in H. For every 1 ≤ i ≤ m we defined a
group Π(Hi,F) and we showed (Proposition 2.6) that for every h ∈ Hi(F),
Gal(F(h)/F) is isomorphic to a quotient of a subgroup of Π(Hi,F). By
Lemma 4.10, we can assume that the connected component of the Zariski
closure of Γ is semisimple. In §4 we proved Theorem 1.1 for the case where
F = k is a number field and Ho is a semisimple group, namely we showed
that if Γ = 〈Σ〉 is a finitely generated subgroup of H(k), then outside an
exponentially small subset of Γ, Gal(k(γ)/k) is isomorphic to Π(Hoγ, k).

Now, if we turn to the general case of finitely generated field F, and
Γ = 〈Σ〉 is a Zariski dense subgroup of H(F) ⊂ GLn(F), then Γ ⊂ GLn(A)
where A is some finitely generated Q-algebra of F, with F being its field
of quotients. If ϕ : A → k is a ring homomorphism (in fact Q-algebra
homomorphism) onto a number field (such ϕ is called a specialization), then
ϕ induces a group homomorphism ϕ : GLn(A) → GLn(k),and for every

h ∈ GLn(A), Gal(k(ϕ(h))/k) is a quotient of Gal(F(h)/F). Let Γ̃ be the

image of Γ, so it is generated by Σ̃ = ϕ(Σ), and H̃ be the Zariski closure of

Γ̃. In Proposition 5.1 below, we will show that for any coset Hi there exists

such a specialization ϕi with ˜〈Ho,Hi〉 isomorphic to 〈Ho,Hi〉, and such that

Π(H̃i, k) = Π(Hi,F). Once Proposition 5.1 is proved, Theorem 1.1 holds for
any finitely generated F and Ho semisimple. Indeed, we know on one hand
that for h ∈ Hi, Gal(F(h)/F) is a subquotient of Π(Hi,F). On the other
hand Gal(k(ϕi(h))/k) which is a quotient of Gal(F(h)/F) is isomorphic ,

for almost all h, to Π(H̃i, k) ≃ Π(Hi,F). This implies that Gal(F(h)/F) is
isomorphic to Π(Hi,F) for almost all h ∈ H, i.e., outside an exponentially
small subset.
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We are left to prove:

Proposition 5.1. Let F = Q(y1, . . . , yr) be a finitely generated field, Γ ≤
GLn(F) a finitely generated with semisimple Zariski closure H. For a con-
nected component Hi denote Γi := Γ ∩ 〈Ho,Hi〉. Then for any connected
component Hi, there exist a finitely generated Q-algebra Ai = Q[x1, . . . , xr]
and a Q-algebra homomorphism ϕi from Ai to a number field ki, inducing
a group homomorphism ϕ̃i : GLn(Ai) → GLn(ki) such that:

(i) Γi ≤ GLn(Ai)
(ii) F is the field of quotients of Ai.

(iii) If H̃ denotes the Zariski closure of ϕ̃i(Γi), then ϕ̃i induces an iso-

morphism between Γi/H
o ∩ Γ and ϕ̃i(Γi)/H̃o ∩ ϕ̃i(Γi) and (as Γi is

Zariski dense in 〈Ho,Hi〉 and ϕ̃i(Γi) in H̃) also between 〈Ho,Hi〉/Ho

and H̃/H̃o which we also denote by ϕ̃i.

(iv) Π(Hi,F) ≃ Π(H̃i, k)

The proof of Proposition 5.1 is a consequence of the following lemmas

Lemma 5.2. Let K be a number field, R = K[x1, . . . , xl] a finitely generated
integral domain over K, F = Quot(R) the field of quotients of R, E a
finite Galois extension of F and S the integral closure of R in E. Then
there exists a K-epimorphism ϕ from S onto a finite extension E of K,
such that if we denote F = ϕ(R), then E is a Galois extension of F and
Gal(E/F ) = Gal(E/F ).

Proof. By Noether’s normalization Lemma, let t1, . . . , tr ∈ R be algebraically
independent over K, such that R is integral over R0 = K[t1, . . . , tr] (cf.
[4] Proposition 5.2.1). Denote F0 = Quot(R0). Let z ∈ S be a primi-
tive element for E/F0, and let f = f(t1, . . . , tr, Z) ∈ R0[Z] be the irre-
ducible polynomial of z over F0. Since K is a Hilbertian field, there exists
a = (a1, . . . , ar) ∈ Kr such that f(a, Z) is separable and irreducible over
K, and deg(f(a, Z)) = deg(f(t, Z)). Since S is integral over R0, we can
extend the specialization t 7→ a to a K-homomorphism ϕ from S onto a
finite extension E of K. Denote by F = ϕ(R), and get that

(22) [E : F0] ≥ [E : K] ≥ deg(f(a, Z)) = deg(f(t, Z)) = [E : F0]

and therefore [E : F0] = [E : K]. Notice that [F : K] ≤ [F : F0] and
[E : F ] ≤ [E : F ]. Now, since [E : K] = [E : F ][F : K], and [E : F0] =
[E : F ][F : F0] we get from (22) that [E : F ] = [E : F ], and by Lemma
6.1 in [4] [E : F ] is a Galois extension, and ϕ induces an isomorphism
Gal(E/F ) ≃ Gal(E/F ). �

Lemma 5.3. Let A be a finitely generated integral domain over Q, Γ ≤
GLn(A) a finitely generated group with Zariski closure H satisfying Ho is
semisimple and H/Ho is cyclic. Then there is a number field k and a Q-
homomorphism ϕ : A→ k, such that the Zariski closure of ϕ(Γ) is isomor-
phic to H.
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Proof. This is proved in [12] Theorem 4.1 for the case where H is a con-
nected simple group. The proof works word by word if H is semisimple and
connected , as long as we are in the characteristic zero. (The remark there
before Theorem 4.1 warns that the proof is more complicated for semisimple
groups, but this is because of the positive characteristic cases. In these cases
H has many finite subgroups, which in characteristic zero all of them lie in
a proper subvariety, while in positive characteristic they do not). In fact the
proof in [12] shows that the result holds for an open subset of Spec(A).

Now, to get the non-connected case, we use Proposition A.3, to get that
if H/Ho is cyclic, then there exists a finite cyclic group J such that H =
Ho ⋊ J . We can assume J is inside GLn(K) where K is some number field,
and we can replace A by KA, and use [12] Theorem 4.1 when this time
we take a K-homomorphism from KA to k, a number field containing K.
It is easy to see that different connected components give different cosets
of ϕ(Γ)o, as these cosets are represented by elements of J on which ϕ acts
trivially. �

We are now ready to prove Proposition 5.1: Fix a connected component
Hi, and assume H = 〈Ho,Hi〉. We can clearly choose Ai ⊂ F satisfying
i and ii since Γ and F are finitely generated. Lemma 5.3 shows that we
can arrange for ϕi for which ϕ̃i satisfies also iii. Moreover, this is so for
an open subset of Spec(KA) where K is the number field defined in the
proof. Finally we recall that for every connected component Hi, Π(Hi,F) is
satisfies the following exact sequence:

1 → W̃ (Hi, C) → Π(Hi, C,F) → Gal(FW
i /F) → 1,

where FW
i is the fixed field of the inverse image of W̃ (Hi, C), under the

map φC : Gal(F/F) → Π(Hi, C,F). Since H = Ho ⋊ J for a finite cyclic
group defined over K, we get that the action of every connected component

on Ho is K-rational, and therefore it is the same on H̃o, W̃ (H̃o), and in

particular W̃ (Hi) = W̃ (H̃i). It is therefore left to show that there exists
a specialization ϕ such that Gal(Fi/F) ≃ Gal(kWi /k), where ki is the fixed

field of the inverse image of W̃ (H̃i, ϕ̃(C)). We first notice that since ϕ

is onto, any Cartan subgroup C̃ < H̃ is the image of a Cartan subgroup
C < H. Also, if FC is the splitting of C which is the splitting field of a
polynomial fC(T ) ∈ F[T ], then the splitting field of ϕ(fC)(T ) ∈ k[T ] is the

splitting field of C̃, and if σ ∈ Gal(kC/k) satisfies that φ
C̃
(σ) ∈ W̃ (Hi, C̃),

then φC(σ) ∈ W̃ (Hi, C). In particular, if we denote by fi(T ) ∈ F[T ] to be
a polynomial such that its splitting field is FW

i , then the splitting field of
ϕ(fi)(T ) ∈ k[T ] is kWi . Now, let Si be the integral closure of Ai in F

W
i . By

Lemma 5.2, there is a specialization of Si onto a number field k, such that
Gal(FW

i /F) = Gal(ϕ(Si)/ϕ(A)). Moreover, the set of such specializations
is an Hilbertian set (cf. [4], ch. 12) and so Zariski dense, hence has a non
trivial intersection with the set of specializations given by Lemma 5.3 which
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ensures that the Zariski closure of ϕ̃(Γ) is isomorphic to H. Now for any
fixed connected component Hi,

1 // W̃ (Hi, C) // Π(Hi, C,F) // Gal(FW
i /F)

// 1

1 // W̃ (Hi, C̃) //

OO

Π(Hi, C̃, k) //

OO

Gal(kWi /k) //

OO

1

where all arrows from the bottom sequence above are induced by ϕ. By con-

struction we get that all arrows are isomorphisms, and thus Π(Hi, C,F),Π(H̃i, C̃, k)
are isomorphic, and Proposition 5.1 is proven.

6. Examples and counter examples

In order to give a better understanding for the types of Galois groups
constructed by Theorem 1.1, we give, in this section, some examples. We
end this section with some counter examples to Theorem 1.1 for different
types of groups and fields for which one of the conditions of Theorem 1.1
fails.

6.1. Connected groups with Π larger than the Weyl group. As a
first example, we show how it can happen that the group H is connected,
but Π(H,F) 6= W (H). Let F = Q, k a number field, and L its Galois clo-
sure. Let Γ = ReskQ(SLn)(Z). Note that Γ is isomorphic to SLn(Ok), where

Ok is the ring of integers of k, but we take it as a subgroup of SLnd(Q). It is
finitely generated, and its Zariski closure is H which over Q is isomorphic to
SLd

n, where d is the degree of k over Q. The splitting field of H is L, since
Gal(Q/Q) acts transitively on the absolutely simple components ofH, which
are the SLn components, and clearly H splits over L. We therefore get that
Π(H,Q) = 〈Sd

n,Gal(L/Q)〉 ≃ SnwrGal(L/Q). This example can be gener-
alized by replacing SLn with any other semisimple group G. In that case,
H = ReskQ(G),Γ = H(Z), and we get that Π(H,Q) ≃W (G)wrGal(L/Q).

6.2. Non connected groups.

6.2.1. Groups with irreducible Dynkin diagram. Let H := SLn ⋊ 〈τ〉, where
τ is the automorphism of SLn sending A 7→ (At)−1, and Γ := H(Z). A
representation ρ : H → GL2n is given by

ρ(A) =

(
A 0
0 (At)−1

)
, ρ(τ) =

(
0 In
In 0

)

In order to have a better understanding of W (Hoτ), we first give examples
of two Cartan subgroups associated to Hoτ . Since τ is of finite order, then
it is contained in a Cartan subgroup. Let Cτ be such a group. Then Co

τ

is a maximal torus of ZSLn(τ) = SO(n). Notice that if n = 2k + 1, then
W τ = W (SO(n)) ≃ (Z/2Z)k ⋊ Sk, however if n = 2k, then W τ is still
isomorphic to (Z/2Z)k ⋊ Sk, but W (SO(n)) = (Z/2Z)k0 ⋊ Sk, where the
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subscript stands for vectors with sum zero. For the second example, assume
n = 2k is even, and denote

J =

(
0 I
−I 0

)

Again Jτ is of finite order, and therefore contained in a Cartan subgroup.
Denote CJτ such a group. Again Co

Jτ is a maximal torus in ZSLn(Jτ) = Spn.
Notice that the centralizers of τ, Jτ are of different types, however they are of
the same rank, k, and W Jτ =W (Spn) = (Z/2Z)k⋊Sk. By Lemma A.6, for
the connected component Hoτ , the Weyl group is W (Hoτ) = (TC/(T

τ ))τ ⋊

W τ (notice that since Ho is simply connected W (Hoτ) = W̃ (Hoτ)). As
mentioned,W τ in this case isWk = (Z/2Z)k⋊Sk ≃W (Bk) ≃W (Ck), where
n = 2k if n is even or n = 2k + 1 if n is odd, and (TC/(T

τ ))τ = (Z/2Z)r ,
where r = n − 1 − k is the difference between the ranks of the An−1 type
group and Bk type. We therefore get that for both cases ,n even or odd,
W (Hoτ) = (Z/2Z)wrΩWk, where Ω is a set of k signed pairs, and Wk acts
on Ω in the standard way.

6.2.2. Groups with reducible Dynkin diagram. Let H := SLd
n⋊ 〈τ〉, where τ

is the automorphism that cyclicly permutes the SLn factors, and Γ := H(Z).
A representation of ρ : H → GLnd is given in a similar way to the previous
example. Notice that this representation is in fact into GL(V ⊕ · · · ⊕ V︸ ︷︷ ︸

d times

)

permuting the V factors, where V is n-dimensional. In particular, since
ρ(τ) permutes the factors isomorphic to V cyclicly, we find that if λ is an
eigenvalue of an element ρ(Aτ), then λζd is also an eigenvalue for every
ζd an d-th root of unity. In particular Q(ζd) is contained in the splitting
field of Hoτ . The Weyl group in this case by a similar computation is
W (Hoτ) = (Z/dZ)n−1 ⋊ Sn, and Π(Hoτ,Q) = 〈W (Hoτ),Gal(Q(ζd)/Q)〉.

The situation can be described by the following diagram of tower of fields
extensions:

Q(γ)

Gal(Q(γ)/Q(γd))≃(Z/dZ)n−1

Q(γd)

Gal(Q(γd)/Q(ζd))≃Sn

Q(ζd)

Gal(Q(ζd)/Q)≃(Z/dZ)×

Q

6.3. Counter examples.
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6.3.1. Non semisimple groups. Let Γ := 〈A±1, J〉, where

A =

(
2

3

)
, J =

(
1

1

)

Then H = Γ =

(
∗

∗

)⋃(
∗

∗

)
. Let Σ := {A,A−1, J, I2} be an admissi-

ble generating set, where I2 is the identity element, and let Xk be the k-th

step of the random walk generated by Σ. Notice that if Xk =

(
a

b

)
6∈ Ho,

then Q(Xk) = Q(
√
ab). Also, if Xk 6∈ Ho, then if Xk = An1JAn2J · · · =

s1s2 · · · sk , si ∈ Σ, then J must appear an odd number of times, and there-
fore, if k is even, ab is a square if and only if NI := |{i : si = I}| is odd,
which occurs with probability 1/2− (1/2)n. On the other hand, if k is odd,
then ab is a square if and only if NI is even which occurs with probability
1/2− (1/2)n. In particular we get that

lim
k→∞

P(Gal(Q(Xk)/Q) = Π1(H
oXk)) =

1

2

lim
k→∞

P(Gal(Q(Xk)/Q) = Π2(H
oXk)) =

1

2

where

Π1(H
oγ) =

{
{1} Hoγ = Ho

Z/2Z Hoγ 6= Ho
, Π2(H

oγ) = {e}

That is, there is no typical behaviour for the non connected component.

6.3.2. Not finitely generated fields. In this example, we show that if the field
F is not finitely generated, then again it is possible that there is no typical
behaviour for the Galois groups. We prove the following:

Theorem 6.1. Let H := SLn, n ≥ 5, Γ := H(Z). Let Σ be a finite
generating set of Γ, and let Xk be the corresponding random walk. Then
for any pair of subgroups G = (G1, G2) of the alternating group Alt(n) there
exists an algebraic extension FG of Q, and sequences {ni(G)}, {ki(G)}, such
that

P(Gal(FG(Xni(G))/FG) = G1) ≥ 1− 1

2i

P(Gal(FG(Xki(G))/FG) = G2) ≥ 1− 1

2i

In particular, this theorem shows that in this case, when the base field is
not finitely generated, there is no generic behaviour.

Proof. Let Ri = {σ1,1, . . . , σri,i}, i = 1, 2 be a generating set of Gi. Without
loss of generality we may assume r1 = r2, and therefore denote |Ri| = r.
We will construct the field FG as a fixed field of Galois automorphisms
σG1 , . . . , σ

G
r ∈ Gal(Q/Q). Let Q(2) be the maximal pro-2 extension of Q.

Then for any γ ∈ Γ such that Gal(Q(γ)/Q) = Sn, we have Gal(Q(2)(γ)/Q(2)) =
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An. Since An is simple, we get that Q(2)(γ1),Q(2)(γ2) are linearly disjoint if
and only if they are different.

Let n1 ∈ N be chosen, by applying Theorem 1.1 such that

P(ωk1 ∈ {γ ∈ Γ : Gal(Q(γ)/Q) = Sn}) > 1− 1

2
Let F1,1, . . . , F1,N1 be the finite set of fields occurring as splitting fields over
Q of all possible n1 − th steps of the random walk with Galois group over
isomorphic to Sn, and set F1 to be their composite.

Let k1 ∈ N be chosen by applying Theorem 1.1 such that

P(ωk1 ∈ {γ ∈ Γ : Gal(F1(γ)/F1) = Sn}) > 1− 1

2
Denote E1,1, . . . , E1,M1 the set of fields over Q occurring as splitting fields
of all possible k1 − th step of the random walk (notice that the random
walk itself did not change, only the base field) with Galois group over F1

isomorphic to Sn, and set E1 to be the composite of F1 with these fields.
Notice that these fields are linearly disjoint from F1,1, . . . , F1,N1 over Q,
and Q(2)E1,1, . . . ,Q(2)E1,M1 are linearly disjoint from Q(2)F1,1, . . . ,Q(2)F1,N1

over Q(2).
We continue by induction: Let ni+1 be such that

P(ωk1 ∈ {γ ∈ Γ : Gal(Ei(γ)/Ei) = Sn}) > 1− 1

2i+1

Let Fi+1,1, . . . , Fi+1,Ni+1 be the set of fields which are splitting fields over Q
of all ni+1 − th step of the random walk with Galois group isomorphic to
Sn. Let Fi+1 be the composite of these fields with Ei. Continue as before
to define ki+1, Ei+1,1, . . . , Ei+1,Mi+1 , and Ei+1. Notice that at any step
we add fields Fi,j or Ei,j that are linearly disjoint fields from the previous
fields over Q, since their Galois groups over Fi or Ei are isomorphic to Sn.
Furthermore, when taking the composite of all fields with Q(2), we get fields
that are linearly disjoint over Q(2). So all fields Q(2)Fi,j and Q(2)Ei,j are
linearly disjoint over Q(2). Also, by the construction of these fields, we have
that

(23) P(ωni
∈ {γ ∈ Γ : ∃1 ≤ j ≤ Ni,Q(γ) = Fi,j}) > 1− 1

2i

(24) P(ωki ∈ {γ ∈ Γ : ∃1 ≤ j ≤Mi,Q(γ) = Ei,j}) > 1− 1

2i

Define σG1 , . . . , σ
G
r ∈ Gal(Q/Q(2)) in the following way: By construction

we know that Gal(Q(2)Fi,j/Q(2)) ≃ Gal(Q(2)Ei,j/Q(2)) ≃ Alt(n). We may
therefore fix for any such field an isomorphism to Alt(n), and consider σd,i ∈
Gal(Q(2)Fi,j/Q(2)) (or Gal(Q(2)Ei,j/Q(2))) for d = 1, . . . , r, i = 1, 2. Since
furthermore the fields Q(2)Fi,j,Q(2)Ei,j are linearly disjoint over Q(2) we can

find σGd ∈ Gal(Q/Q(2)) such that σGd |Fi,j
= σd,1,∀i ∈ N, j = 1, . . . , Ni, and

σGd |Ei,j
= σd,2,∀i ∈ N, j = 1, . . . ,Mi. Set F = {x ∈ Q : σGd (x) = x ∀d =

1, . . . , r}.
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We claim now that for all i ∈ N, j = 1, . . . , Ni, Gal(FFi,j/F ) ≃ G1,
and similarly Gal(FEi,j/F ) ≃ G2. To see this notice that by the funda-

mental theorem of Galois theory, Gal(Q/F ) = 〈σG1 , . . . , σGr 〉, that is the

closure of the group generated by σG1 , . . . , σ
G
r in Gal(Q/Q(2)). Furthermore,

Gal(FK/F ) ≃ 〈σG1 |K , . . . , σGr |K〉 for any Galois field K. Since by definition

of F , σGd , d = 1, . . . , r acts trivially on F , the action of σGd on FFi,j is deter-

mined by its action on Q(2)Fi,j , which was defined to be σGd |Q(2)Fi,j
= σd,1.

We therefore get that Gal(FFi,j/F ) ≃ G1, and by the analogous computa-
tion, Gal(FEi,j/F ) ≃ G2. By (23),(24) the theorem is now proved. �

Appendix A. Cartan subgroups

In this appendix we list and prove some of the basic properties of Car-
tan subgroups, following the work of Mohrdieck in [14]. Throughout this
section, the ground field is assumed to be algebraically closed. We recall
the definition of a Cartan subgroup. Let G be a linear algebraic group with
Go reductive. A Cartan subgroup of G is a subgroup C < G satisfying the
following properties

(i) C is diagonalizable.
(ii) C/Co is cyclic.
(iii) The index [NG(C) : C] is finite.

A.1. Basic properties. In [14] §3, the following is proved

Proposition A.1. Let G be as above.

(i) Let h ∈ G be semisimple element. Then h is contained in a Cartan
subgroup. In fact, the subgroup generated by S and h, where S is a
maximal torus in ZGo(h)o is a Cartan subgroup.

(ii) Let C < G be a Cartan subgroup, and let h ∈ G be such that hCo

generates C/Co. Then Co is a maximal torus of ZGo(h)o.
(iii) Let C < G be a Cartan subgroup. Then Co is a regular torus in Go,

that is ZGo(Co) is a maximal torus in Go.

Remark A.2. Since ZGo(Co) is a maximal torus, TC , of G
o, we get that

the the intersection of Co with the set of regular semisimple elements of Go

contains an open dense subset of Co. To see this, let A(TC) be the finite
set of roots of TC . For α ∈ A(TC), let uα : Ga → Go be a homomorphism
satisfying

tuα(x)t
−1 = uα(α(t)x), t ∈ TC , x ∈ Ga

This shows that if t ∈ ker(α), then there exists a unipotent element that
commutes with it. Since Co is irreducible, we find that if

Co ⊂ ∪α∈A(TC) ker(α)

then there exists α ∈ A(TC) such that Co ∈ ker(α), in which case ZGo(Co)
will contain a unipotent, and therefore can not be a torus. Since the set
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∩α{t ∈ TC : α(t) 6= 1} is open, contains only semisimple regular elements,
and has a non empty intersection with Co, we get the result.

In the following we prove some properties of Cartan subgroups, generaliz-
ing the one proved in [14]. We first prove a structure result on non-connected
algebraic groups.

Proposition A.3. Let G be a linear algebraic group defined over a field F,
such that G/Go is cyclic of order m. Assume char(F) = 0 or (char(F),m) =
1. Then for any coset Gi of Go that generates G/Go, there exists x ∈ Gi

such that G = Go ⋊ 〈x〉.
Proof. Let y ∈ Gi be any elements in Gi. By definition ym ∈ Go, and
so let t ∈ Go be an elements such that tm = ym (to find such t write
ym = yuys according to the Jordan decomposition of ym, and find tu in the
one parameter unipotent subgroup generated by yu and ts in a maximal torus
containing ys such that tmu = yu, t

m
s = ys. Notice that this is all possible

by the assumption on char(F)). Then t commutes with y, and yt−1 ∈ Gi

satisfies
(
yt−1

)m
= e, and the result follows. �

Proposition A.4. Let G be a linear algebraic group, with Go reductive. Let
C < G be a Cartan subgroup, and h ∈ C semisimple such that hCo generates
C/Co.

(i) There exist a maximal torus Th < Go containing Co, and a Borel
subgroup Bh < Go containing Th, both invariant under conjugation
by h.

(ii) Let T be a maximal torus containing Co, invariant under conjugation
by h. Then for any t ∈ T , there exists t′ ∈ T such that t′tht′−1 ∈
Coh

(iii) Let g ∈ Goh be a semisimple element. Then there exists x ∈ Go such
that x−1gx ∈ Coh.

Proof. For the first part, we consider Th to be the maximal torus ZGo(Co),
containing Co, provided by Proposition A.1(iii). Let B′ be a Borel subgroup
of ZGo(h) containing Co. By corollary 7.4 in [20], it is contained in a Borel
subgroup B of Go, invariant under conjugation by h. Since ZB(C

o) is a
maximal torus of Go, it must coincide with Th, and therefore we get the
required result. For the second part, notice that since t and t′ commute, it
is equivalent to showing that [t′, h] ∈ t−1Co. Consider the automorphism
ch of T/Co via conjugation by h. Then [t′, h] = t′ch(t

′−1). By definition of
C,Co and h, we have that this automorphism has only finitely many fixed
points (since any fixed point is a Co -coset inside NG(C), and [NGo(C) :
Co] < ∞). Since T/Co is connected, we can apply the Lang-Steinberg
Theorem (Theorem 3.1 above), to get that the map t′ 7→ t′ch(t

′−1) as a map
from T/Co to itself is onto, and therefore t−1Co is in the image. For the
last part: by Corollary 7.5 in [20] there exist a Borel subgroup Bg of Go

and a maximal torus Tg < Bg of Go both invariant under conjugation by



RANDOM GALOIS GROUPS 29

g. After conjugation by an element of Go, we may have that Tg = Th, and
Bg = Bh. We therefore get that gh−1 ∈ Go, preserving Th and Bh and
therefore gh−1 ∈ Th (since it preserves Th, it is inside the normalizer of Th
and since it preserves a Borel subgroup Bh, it is a trivial element of the
(classical) Weyl group W (Go, Th)). The last part is now a consequence of
the second part of the proposition. �

With this proposition, we can now show that Cartan subgroups are con-
jugated by elements of Go.

Corollary A.5. Let G be as in Proposition A.1. Let h, g ∈ G, be semisimple
elements such that hg−1 ∈ Go, and let Ch, Cg be Cartan subgroups containing
h, g respectively, such that Co

hh,C
o
gg generate Ch/C

o
h, Cg/C

o
g respectively.

Then there exist an element x ∈ Go such that Ch = (Cg)
x.

Proof. By Proposition A.4 (iii), we get that there exists x ∈ Go, such that
gx ∈ Co

hh. Therefore, since Ch is a Cartan subgroup containing gx, and
Ch/C

o
h is generated by Co

hg
x, by Proposition A.1, Co

h is a maximal torus
of ZGo(gx) = (ZGo(g))x, and therefore there exists y ∈ ZGo(g) such that(
Co
g

)yx
= Co

h. We therefore have

Ch = 〈Co
h, h〉 = 〈Co

h, g
x〉 = 〈

(
Co
g

)yx
, gyx〉 = 〈Co

g , g〉yx = Cyx
g

which concludes the proof. �

Another property that we will exploit in this paper is the structure of the
Weyl group W (Gi, C) of a given Cartan subgroup. For this we need some
notations. Let G be a semisimple linear algebraic group, Gi a fixed coset of
Go, and C a Cartan subgroup associated to Gi (see §2.2). Let g ∈ Gi∩C be
a fixed element, and denote by cg the automorphism of Go of conjugation
with g. As mentioned above, TC := ZGo(Co) is a maximal torus of Go.
Denote W := W (Go, TC) the Weyl group of Go with respect to TC , and
denote by WC := {w ∈W : wg = w}, where •g denotes the action of g on
W .

Lemma A.6. Under the above notations we have the following split exact
sequence

(25) 1 → (TC/C
o)g →W (Gi, C) →WC → 1

where (TC/C
o)g is the set of fixed points of the automorphism cg : TC/C

o →
TC/C

o.

Proof. For every n ∈ NGo(C) we have that n ∈ NGo(TC), and therefore we
can define the maps

φ :W (Gi, C) →W (Go, TC) φ(nCo) = nTC

Assume nCo ∈ ker φ, then nTC = TC , that is n ∈ TC . Furthermore, n ∈
NGo(C), and so ngn−1 ∈ gCo, and therefore cg(nC

o) = nCo showing that
the sequence is left exact. For right exactness, let n ∈ NGo(TC) such that
gng−1 = nt, for some t ∈ TC , and hence ngn−1 = nt. By Proposition A.4
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ii we may assume that t ∈ Co. We therefore get that nTC preserves Cog.
Furthermore, since Co = (ZTC

(g))o, we find that g−1n−1Cong = Co and so
nTC preserves C, and thus the map nCo 7→ nTC is surjective onto WC . To
get that the map splits, we notice that if the map nCo 7→ nTC satisfies the
splitting. To see this, notice that since Co = (ZTC

(g))o, if w ∈ WC then w
sends Co 7→ Co, and Cog 7→ Cog, and therefore C 7→ C. In particular we
get that the map nTC 7→ nCo is well defined, injective, and we get that the
exact sequence splits. �

Corollary A.7. Under the above notations, we have that W (Gi, C) =

(T/Co)g ⋊WC . Furthermore, WC < W̃ (Gi, C) = NGo(C)/ZGo(C).

This is an immediate corollary of Lemma A.6, and the fact that ZGo(C) <
TC .

A.2. Regular semisimple elements in cosets. For a connected linear
reductive algebraic group Go, an element g ∈ Go is called regular semisimple
if its centralizer is a maximal torus, and henceforth it is contained in a unique
maximal torus. It is known that the set of regular semisimple elements
contains an open dense subset. In the following we show a similar result for
non connected groups.

Definition A.8. Let G be a linear algebraic group, with Go reductive. We
say that a semisimple element g ∈ G is regular, if (ZGo(g))o is a torus.

Notice that this definition generalizes the definition in the connected case,
and that if g ∈ Gi, for some coset Gi, is regular, then by proposition A.1
(2), g is contained in a unique Cartan subgroup associated to Gi. We show
now that most elements are regular semisimple.

Proposition A.9. Let G be as above, Gi a coset of Go, and C < G a
Cartan subgroup associated to Gi (as in (1) in Section 2.2).

(i) The set of regular semisimple elements in C ∩ Gi contains an open
dense subset.

(ii) The set of regular semisimple elements in Gi contains an open dense
subset.

Proof. Recall that a diagonalizable linear algebraic group D, can be decom-
posed as D ≃ Do ×F , where F ≃ D/Do. Therefore there exists µ ∈ C ∩Gi

such that C ≃ Co × 〈µ〉. Furthermore, any element of C ∩Gi is of the form
tµ, for t ∈ Co. Denote by n = ord(µ), and let

U1 := {t ∈ Co : tn is regular}
Then, ZGo(t) = ZGo(tn) for all t ∈ U1. Notice also that by Remark A.2, U1

contains an open dense subset of Co. Let tµ ∈ U1µ. Then

ZGo(tµ) ⊂ ZGo(tnµn) = ZGo(t)

and therefore if g ∈ (ZGo(tµ))o, then g ∈ (ZGo(t))o, and therefore g ∈
(ZGo(µ))o. Since t ∈ U1 is regular semisimple, its centralizer is a maximal
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torus, and therefore ZGo(tµ) is diagonalizable, and its connected compo-
nent is a torus, which proves part (1). To prove (2), we use the following
morphism

Φ : Go/Co × Co → Gi Φ(gCo, h) = ghµg−1

Notice that the dimension of both sides is the same. Moreover, since by the
definition of a Cartan subgroup it has a finite index in NGo(C), this map is
finite to one, and so the image of Go/Co×U , where Uµ is the set of regular
semisimple in C ∩Gi, contains an open dense subset of Gi. �

Appendix B. k-Cartan subgroups and k-quasi irreducibility

Let k be a number field, and let G be an algebraic group defined over k.
We say, as in Section 2.3, that a Cartan subgroup is a k-Cartan subgroup
if C is defined over k, and that C/Co is generated by Cog, where g ∈ C(k).
As in Section 2.1, set kC to be the splitting field of C. In [16] Prasad and
Rapinchuk introduced the following definitions:

Definition B.1. Let Go be a connected semisimple linear algebraic group
defined over a number field k, and let Go = G(1) · · ·G(r) be its decomposition
into an almost direct product of connected normal k-almost simple groups.

(i) We say that an element is without component of finite order if for

some (equivalently, any) decomposition x = x1 · · · xr with xi ∈ G(i),
all the xi’s have infinite order.

(ii) We say that a maximal torus T < G is k-quasi-irreducible if when-
ever T ′ < T is a k-subtorus of T , then T ′ is an almost direct product
of a subset of T (i) := T ∩G(i), i = 1, . . . , r.

In [16] Prasad and Rapinchuk proved that for a semisimple group, if T
is a k-quasi-irreducible anisotropic maximal torus, then any element x ∈ T
without any component of finite order, generates a dense subgroup of T . Fur-
thermore, they show that if the image of Gal(kT /k) in the group Aut(X(T )),
as defined in §2.1, contains the image of the Weyl group W (G,T ), then T
is k-quasi irreducible anisotropic. In the following Lemma we generalize
this result for non connected groups. Let G be a linear algebraic group
defined over k, such that Go is semisimple. Fix a coset Gi and denote by
Go = G1 · · ·Gl = G(1,i) · · ·G(r,i) where the product of Gj , j = 1, . . . , l is the
minimal decomposition of Go into k-simple normal subgroups and the prod-
uct of G(j,i), j = 1, . . . , r is the decomposition of Go into an almost direct
product of k-normal subgroups invariant under conjugation by Gi.

Definition B.2. Let G,Go, Gi and k be as above. Denote Go = G1 · · ·Gl =
G(1,i) · · ·G(r,i) be the minimal decomposition as above. We say that

(i) A k-Cartan subgroup C associated to Gi is Gi−k quasi irreducible if

Co has no k-subtori other than products of a subsets of Co∩G(j,i), j =
1, . . . , r.
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(ii) An element x ∈ Go is without Gi-component of finite order if for

some (equivalently, any) decomposition x = x1 · · · xr with xi ∈ G(s,i), s =
1, . . . , r, all the xi’s have infinite order.

Following this definition we have the following generalization of the result
in [16]:

Lemma B.3. Let G be a linear algebraic group defined over a number field k,
such that Go is semisimple. Fix a coset Gi of G

o, and let Go = G(1,i) · · ·G(r,i)

as above. Let C be a k-Cartan subgroup associated to Gi such that the
image of Gal(kC/k) in Aut(X(Co)) contains the image of the Weyl group
W (Gi, C). Then Co is Gi − k quasi irreducible.

Proof. Let TC = ZGo(Co) be the unique maximal torus of Go containing Co,
and let R = R(Go, TC) be the root system of Go with respect to TC . For

a k-simple normal subgroup Gj , let Gj = Gj
1 · · ·G

j
mj be its decomposition

into absolutely almost simple subgroups, and let Rj
s = R(Gj

s, TC ∩ Gj
s) be

the corresponding root systems. Denote by YT = X(TC) ⊗Z Q, and YC =
X(Co)⊗ZQ. Let g ∈ C∩Gi(k) be an element such that gCo generates C/Co.
Then Co =

(
T g
C

)o
, the connected component of the fixed points of TC under

conjugation by g. The element g defines an automorphism of YT induced by

the conjugation automorphism on TC , which we denote also by g. Let V j
s be

the subspace of YT spanned by Rj
s, and V (a,i) the direct sum of V j

s for Gj <
G(a,i), s = 1, . . . ,mj. We claim that any subspace of YT which is invariant

under Gal(kC/k) and g is a sum of some V (a,i). Since Co is a maximal torus
in (ZGo(g))o, we find that YC is the fixed points of YT under the g-action.
Furthermore, notice that Gal(k/k) acts on YC , and since Co splits over kC ,
the action factors through Gal(kC/k). Let ∆ be the Dynkin diagram of R,
and let τ ∈ Aut(∆) be an automorphism such the action of g on T coincides

with τ , and let v 7→ p(v) = 1
ord(τ)

∑ord(τ)
n=1 τ(v) be the projection from YT

to YC . Then p(R) is a root system of YC with Weyl group W τ = {w ∈
W (R) : wτ = τw} (cf. [1] Proposition 13.2.2). We can now finish the proof
as in [16]: Since W τ acts irreducibly on the irreducible components of p(R),
we get the same for Gal(kC/k) which we assume contains W (Hi, C) ⊃W τ .

Furthermore, since for a fixed j, Gal(kC/k) acts transitively on G(j,i), we
find that any g-invariant subspace which is invariant under Gal(kC/k) must

be the sum of some of the V (a,i). Now if C ′ ⊂ C is a k-subtorus of Co, then
it is in particular g-invariant, and therefore ker (res : X(Co) → X(C ′))⊗ZQ

is a subspace of YT which is invariant under Gal(kC/k) and g, and thus is

of the form ⊕a∈AV
(a,i), A ⊂ {1, . . . , r}, and hence C ′ is an almost direct

product of Co ∩G(a,i), a 6∈ A. �

The following immediate corollary of this Lemma will allow us to reduce
the question of splitting fields of elements into splitting fields of Gi−k quasi
irreducible Cartan subgroups.
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Corollary B.4. Let G,Gi and K be as in Lemma B.3, and assume C is a
Cartan subgroup such that W (Gi, C) ⊂ Gal(kC/K). Then for any regular

semisimple g ∈ Gi(k)∩C(k) such that gord(τ) has no Gi-components of finite
order, the group generated by g is Zariski dense in C and, in particular,
Gal(k(g)/k) = Gal(kC/k).
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